intracranial aneurysm; subarachnoid hemorrhage; computational fluid dynamics; shear stress; partial epilepsy middle cerebral artery; internal carotid artery; anterior cerebral artery We reviewed basic considerations in fluid dynamics of cerebral aneurysms and applied these in surgery on the three most common types: internal carotid-posterior communicating artery, middle cerebral artery, and anterior communicating artery.
Introduction
In general, blood flow is highly influenced by the conformation of its pathway, and the vessel wall, which is the constituent element of the blood flow pathway, is highly influenced by blood flow. In other words, blood flow shows a dynamic mutual relationship between the vessel wall structure and the blood flow pathway.
Changes in the vessel wall are induced by internal pressure, i.e., blood pressure, and by shear stress, the frictional drag is exerted by the blood flow acting on and parallel to the luminal surface of the blood vessel [1] [2] [3] . If blood pressure is elevated, the thickness of the vessel wall increases, the intra-vessel diameter narrows, and the thickness of the smooth muscle layer of the wall increases. These phenomena are considered to represent topical adjustments to eliminate increased stress. It is known that vessel length increases to eliminate increased longitudinal stress.
Longitudinal stress refers to increased shear stress due to increased blood flow volume and increased blood flow velocity. This phenomenon is often observed in arteriovenous malformation (AVM). In an AVM, the blood volume of the feeders increases, whereas the blood pressure decreases due to the arteriovenous shunt in the nidus. Therefore, the vessel walls of the feeders become thin, inflated, and markedly meandering.
On the other hand, the vessel wall of the drainers becomes thick, markedly inflates and meanders due to elevated blood pressure and flow. The changes in vessel walls depend on changes in flow-related shear stress. Shear stress regulates vessel caliber, structure, and finally vessel remodeling [4, 5] .
A continuous increase in blood flow and shear stress triggers the blood wall to inflate the internal radius and leads to a decrease in shear stress. The endothelial cells are sensors of shear stress. The magnitude of shear stress is directly proportional to the viscosity of blood and inversely proportional to the third power of the inner radius [4] . Thus, the blood flow ( f) and the radius (r) are correlated with the formula f relative to r 3 . The shear stress of the whole arterial system is controlled to maintain equilibrium.
Aneurysms are most frequently observed at the branching points of cerebral arteries. Blood flow impinges upon the bifurcation apex, splits into daughter branches, and rapidly accelerates, creating regions of high shear stress (Figure 1) . It has been found that cerebral aneurysms are initiated in the acceleration zone of blood flow [6, 7] . Sites of predilection are at the bifurcation or branching points of the internal carotid arteries, the middle cerebral arteries, and the anterior cerebral arteries, which form the circle of Willis [8, 9] . The idea that "nature pursues economy" emerged in ancient Greece. Euler stated in 1744: "The mechanism of the universe is so superior that there is nothing without maximum or minimum characteristics. So, there is no doubt that the whole movement of the universe is defined by its maximum or minimum features, theoretically or purposefully." Moreover, Maupertuis (principle of least action, 1747) stated: "When there is some change in nature, the necessary expense is always minimum. The living existence in nature shows the optimal characteristics to fit the environment." That is, biological structures are optimized to minimize "cost function" in the area of engineering.
Branches and bifurcations are the mechanisms by which vessels multiply (Figure 2 ) and Roux's qualitative rules of thumb are applicable.
-If the vessel is split into the same-size daughter branches, the split-out branches make equal angles to the extended line of the main branch. -If the sizes of the split-out branches are different, the smaller branch makes a larger angle to the extended line of the main branch. -If one of the split-out branches is extremely small and the rest of the split-out branch maintains nearly the same size as the main branch, the angle that the smaller one branches out is nearly a right angle. This principle is introduced by the "best-matching theory" described above.
Basic consideration in fluid dynamics of cerebral aneurysms [10-14]
The apex of the branching vessel wall serves as a flow When the vessel divides into nearly symmetric branches, the split-out branches make almost equal angles.
divider point, which is called a stagnant point. This is where the main blood stream of the parent artery collides with the vessel wall and where the flow is directed into the branch vessels. The vessel wall adjacent to the stagnant point receives the maximum shear stress. The endothelial cells at the stagnant point become cuboidal, leading to thickening of the endothelial lining. However, aneurysms are formed slightly further downstream from the stagnant point, where the vessel wall receives maximal shear stress. It is reported that the internal elastic layer may form tears with strong shear stress, which will initiate aneurysms.
As the aneurysm is a blind sac, blood influx has to emerge from the same orifice. It is well understood that the blood stagnates in the aneurysm if this "blindend" shape enlarges or elongates. It is also recognized that if the orifice becomes smaller, the influx decreases.
Blood flow inside the aneurysm behaves as follows (Figure 3 ): blood flows in as a jet in systolic phase through a small area at the orifice, swirls along the aneurysmal wall with decreasing velocity, and flows out through the opposite side of the orifice during the diastolic phase. The velocity of the blood flow is highest at the systolic phase and area of inlet; therefore, the aneurysmal orifice receives the highest shear stress. As the blood flow follows the law of inertia, the direction of the velocity vector changes along the aneurysmal wall and creates a vortex, thereby creating a round aneurysm, assuming that the strength of the entire wall is consistent. The outflow goes through the opposite side of the inlet, and the outlet and inlet flow collide at the orifice.
Presumably, an aneurysm grows into a round shape according to the law of inertia. If an aneurysm shape is not round and has a bulging area such as a daughter aneurysm or bleb, the wall of the aneurysm will be thin, fragile, and easily ruptured during microsurgery. The inlet blood flow comes from a larger branching vessel. Inlet blood flow directly enters the aneurysm dome apart from the larger daughter vessel, and then creates vortices inside the aneurysm, creating a round shape; therefore, there must be some space between a larger branch and the aneurysm neck; however, there is a smaller space between the outlet neck and a smaller side branch. The inlet flow neck side will prevent vessel adhesion to the aneurysm dome, resulting in easy dissection between in surgery. On the other hand, at the outlet side, slow blood flow will apply uniform pressure on the wall, and the wall will expand uniformly according to the law of inertia, resulting in adhesion between the vessel and aneurysm, requiring extreme caution in surgery.
Basis of aneurysmal numerical fluid dynamics
Vascular diseases are caused by changes in the following three conditions: blood flow, blood, and the vascular wall. Cerebral aneurysms often arise where blood flow is rapid. Patients with benign cystic kidney disease and fragile vessel walls, and sickle cell anemia patients whose blood is altered, are reportedly at risk for aneurysms [15, 16] . However, initiation of aneurysms in general can be explained by the correlation between blood flow and the vessel wall. As there is no method to verify metabolism in a vessel wall thinner than 100 μm in vivo, fluid dynamics of blood flow can provide a digital analysis [17] [18] [19] [20] [21] .
The basic equations of fluid dynamics include the momentum conservation law, the mass conservation law, and the energy conservation law. The blood volume is not changed by its flow, and is considered Here, we consider an incompressible flow with no density change. Under these conditions, the Navier-Stokes equations become the following:
Here, u is velocity, p is pressure, and K is the body force acting on the unit mass of fluid. Body force is represented by gravity, electromagnetic force, etc., and is called the external force.  is the coefficient of viscosity. D/Dt is the Lagrange derivative. The mass per unit volume of the fluid is density, and is expressed by the symbol  .
To resolve this equation, we have to know the magnitude of the pressure. We can then estimate the pressure from the state equation of a barotropic fluid:
Here, C 0 is constant. The weight per unit volume of a material is called the specific weight, and is expressed by the symbol γ. Next, the equation of continuity is expressed as:
Applying these three equations to the unit volume in an aneurysm model can provide the flow stream line. Precisely stated, the lumen of the model vessel is divided into tiny grids, and each equation is applied to each grid to calculate the velocity and pressure. It should be emphasized that high-performance calculators are needed to resolve non-linear equations. With the calculated results, the velocity vectors inside the vessels and the distribution of shear stress on the vessel walls can be visualized. It should also be emphasized that the visualized data are only the result of numerical simulations calculated under ideal conditions with simplified Navier-Stokes equations and grids using finite element analysis. In order to understand calculations using computational fluid dynamics (CFD), the explanation of Navier-Stokes equations and the numerical analysis using the calculus of finite differences are the original form of the finite element scheme.
Surgical considerations in the three most common types of aneurysms
(1) Internal carotid-posterior communicating artery (IC-PC) aneurysm IC-PC aneurysms are the most frequently found. In terms of fluid dynamics, there is an obvious stagnant point at the branch of the internal carotid artery (ICA) and posterior communicating artery (PCoA) where blood streams collide. In analysis of 52 ruptured aneurysms, the average size was 11.3 mm (3.5 to 25 mm), the male/female ratio was 13/39, the average age for men was 55.4 years old (41-74) and that for women was 65.4 (44-79). When aneurysms were morphologically categorized into 3 types, i.e., bifurcating, branching, and lateral (non-branching), 29 (56%), 17 (32%), and 6 (12%) were ruptured and 4 (34%), 5 (42%), and 1 (8%) were unruptured, respectively. When the branching angles of IC-PC were categorized into 2 types, i.e., right angles and obtuse angles, 44 (85%) and 8 (15%) were ruptured and 8 (80%) and 2 (20%) were unruptured, respectively. These findings indicate that aneurysms tend to arise more often at a bifurcation rather than a branch, and at a location where the direction of the artery turns sharply. At such locations, the blood flow collides at the branch point, maximizing the shear stress adjacent to the apex. The aneurysm grows in the direction of inlet blood flow. As the flow always follows the law of inertia, the shape of the aneurysm as a blind end structure becomes oval, assuming wall strength is uniform. If the aneurysm does not become oval or round, but instead becomes irregular, the growth of the aneurysm will not depend on blood flow but instead on fragility of the aneurysmal wall. Thus, extreme caution is necessary in surgical manipulation of these aneurysms, as they are considered to be easily rupture.
(2) Middle cerebral artery (MCA) aneurysm According to Yasargil [22] , the first horizontal part of the MCA (M1) is categorized into 5 types on an anterior-posterior view of a cerebral angiogram, and the following three types are typical.
1. Basilar oblique; extending obliquely downward. 2. Straight; extending sideward. 3. Dorsal oblique; extending obliquely upward. The M1 portion will be elongated obliquely downward with aging, i.e., toward the sphenoid ridge. MCA aneurysms often arise on the extended line of the M1. At an age when aneurysms frequently arise, the M1 mostly runs obliquely downward and is elongated. Therefore, the bifurcation of M1 runs toward the sphenoid ridge and turns sharply. As Figure 5 indicates, the aneurysm grows toward the sphenoid ridge at the anterior end of the Sylvian fissure and the aneurysmal dome grows along the main blood flow of the M1, eventually growing into the temporal lobe. If the M1 is elongated and running obliquely downward, clipping with a distal approach is appropriate.
Morphologically speaking, bifurcation of the MCA is characterized by differences in lumen sizes of the branched vessels. In 41 MCA aneurysms, the ratio of the luminal radii for ruptured aneurysms was 2.28 and 1.45 SD and 1.56 and 0.59 SD for 23 unruptured aneurysms. In 40 MCAs without aneurysms, the ratio was 1.25 and 0.35 SD. This indicates that asymmetric branches are necessary to initiate and enlarge aneurysms (Figure 5) . If the lumens of branched vessels are symmetric, symmetric parabolic blood flow will impinge the aneurysmal orifice and little blood enters the aneurysm because of the small difference in flow velocity at the orifice. If the ratio of luminal radii is (2-3) : 1, the flow ratio will be (4-9) : 1. Under such conditions, the velocity of the blood stream in the main vessel becomes asymmetrical, i.e., the blood from the side of the larger branch will turn into the aneurysm, creating a whirling flow inside the aneurysm and emerging from the opposite branch [23] . Therefore, if an M1 aneurysm found on a magnetic resonance angiogram has symmetric branches, it is unlikely that an aneurysm will arise in the future. If an unruptured aneurysm is found, it is likely that it will rupture in the future if the ratio of branch radii is around 3.
As blood flow always obeys the law of inertia, the jet flow into the aneurysm will circulate along the wall, assuming the aneurysmal wall strength is even, and the aneurysm becomes round or oval. If the aneurysm is not round or oval, has an irregular shape, and grows against the natural blood stream, the wall at that point will be fragile and requires great care in surgical manipulation.
(3) Anterior communicating artery (ACoA) aneurysm Aneurysms that arise at the ACoA have distinctive features. They often arise in men with hypertension, in those with asymmetric anterior cerebral arteries, and in those with a single occluded internal carotid artery; as a result, the blood flow in the other internal carotid artery increases, and the aneurysm often ruptures before an unruptured aneurysm is discovered. Hashimoto et al. [24] [25] [26] succeeded in creating an aneurysm at the ACoA by occluding one internal carotid artery in a rat model with induced hypertension, and by administering a synthetic inhibitor of connective tissue. Therefore ACoA aneurysms are considered to be easily formed under the influence of hemodynamic stress [27, 28] .
The role of ACoA is to connect two internal carotid arteries as part of the circle of Willis. The ACoA serves as collateral circulation and equilibrates the blood pressure between both internal carotid arteries. This function is equivalent to that of the posterior communicating arteries, which equilibrate the internal carotid-basilar artery blood pressures. If one anterior cerebral artery or an internal carotid artery is stenotic or occluded, the blood supply is perfused by the opposite anterior cerebral artery (ACA) through the ACoA (Figure 6) . Moreover, increased blood flow required in the MCA area or the ACA area because of increased brain metabolic activity is supplied through the ACoA. Therefore, the ACoA will continuously encounter unstable hemodynamics.
At the A1-A2 junction, where the ACoA branches, the blood flows collide and the shear stress on the ACoA wall increases drastically as the blood flow increases (Figure 7) . The increased shear stress will enlarge an internal elastic layer cleft, leading to an aneurysm-like bulge on the vessel wall. This bulge is exposed to high shear stress caused by continuous blood collision. If it is not repaired, it will become round according to the law of inertia of flow and eventually become an aneurysm. The anterior cerebral artery will become elongated and meandering with aging, and the A1 portion of the ACA will curve downward, as the ACoA is situated anteriorly. This causes the blood flow to collide downward. Aneurysms will arise and grow along the direction of blood flow, and there are more chances for aneurysms to extend downward. Some round ACoA aneurysms can be sandwiched between two A2 portions. In these aneurysms, which arise against mainstream blood flow, the wall at the dome is usually thin and easily injured by dissection, leading to massive bleeding Therefore, caution is required in surgical manipulation.
Conclusions
High shear stress is a key regulator of aneurysm pathology, as a result of outward remodeling. For an aneurysm to grow, an increase in inlet jet flow is necessary. Continuous asymmetric parabolic jet inflow and a sharp angle at the bifurcation are important factors. At a symmetric bifurcation, neither aneurysmal initiation nor growth takes place. As blood flow always obeys the law of inertia, jet flow into the aneurysm will disperse along the wall, assuming the aneurysmal wall strength is even, and the aneurysm becomes round or oval. When neurosurgeons encounter an aneurysm that is not round or oval, but instead has an irregular shape and grows against the direction of the main bloodstream, the wall at that point is fragile and requires great care during surgical manipulation.
